1. Introduction. In spite of the efforts of many mathematicians of the last 300 years, comparatively few general methods of solving nonlinear Diophantine equations are available, and much of the literature on the subject consists of isolated results. When it comes to systems of simultaneous nonlinear Diophantine equations, the results become even more fragmentary, and a complete solution of such a system is a rarity. In this paper we study a pair of simultaneous quadratic Diophantine equations that can be solved easily and completely by difference equation methods.
The system in question, (1) x I y 2 + ay + 1, y \ x
where a is a fixed integer, is essentially a pair of simultaneous quadratic equations in four unknowns. This system is equivalent to a nonlinear second order difference equation. Furthermore, every solution of this nonlinear difference equation is also a solution of a linear difference equation with constant coefficients. We can thus obtain the complete solution of (1) in integers. With some additional effort we can obtain all positive integral solutions.
The principal result is that if a Φ i 2, then there exists a finite number of sequences such that x and y satisfy (1) if and only if they are consecutive terms of one of these sequences. These sequences are similar to the Fibonacci sequence in that there is a linear relation connecting any three consecutive terms. For the special case a = 0, we obtain the following result: x and y are positive integers such that An easy consequence of our main results is that for fixed a jL ± 2, (2) has integral solutions for only a finite number of integral values of α. These values of α can easily be found by the methods of this paper.
It is possible that similar methods can be used to obtain further insight into the general quadratic Diophantine equation in two unknowns. At any rate, there is a large class of such equations that can be completely and easily solved this way, and partial solutions can be obtained to many others.
2. Preliminary discussion. Let a be a fixed rational integer. Let x and y be rational integers satisfying (1) . Then there exists an integer z such that
Now xz = 1 (mod y) and hence Continuing in this manner, we obtain a chain , x, y 9 z, such that any two consecutive terms satisfy (1) , and any three consecutive terms satisfy (3). We note that x and y determine z uniquely except when x = 0. It is clear that two integers x and y satisfy (1) if and only if they are consecutive integers of an α-chain. Furthermore any two consecutive nonzero terms of an α-chain determine it completely. Thus the solution of ( 1 ) 2 , and the theorem is proved.
We note that the foregoing argument gives us a procedure for determining all possible α-chains for a fixed value of a φ ±2.
The linear recurrence relation.
We shall now show that any three consecutive terms of an α-chain satisfy a linear relation.
THEOREM 2. For any given a-chain { U( \ there is a fixed integer α such that
holds for any three consecutive terms of\ uι \.
Proof. Let a be the rational number such that
We shall first show that (5) holds for all n. Since the direction of an α-chain is reversible, it is sufficient to show that (5) implies that
Suppose that (5) holds for a fixed n 9 and that u n + ι is not the last element of
Now u n Φ 0, and hence
which is the desired result. We need now only show that α is an integer. From (5) it follows that au n is an integer for all u n . Now any two consecutive terms, u n and u n + v are relatively prime. Hence a is an integer, and the proof of Theorem 2 is complete.
From (4) and (5) we obtain the useful identity 
Explicit formulas.
In this section we shall use (5) and (6) to obtain explicit formulas for the elements of the α-chain ί uι \.
Suppose first that α = -2. Here (6) implies that a = ± 2 and u n + u n _ χ = -a/2.
Therefore we have
Thus { U( \ is either the finite α-chain 0, -α/2, 0 or a cyclic chain of period 2.
Furthermore, if a = ± 2, then (7) gives us an infinite number of α-chains. Hence Theorem 1 is false for this case.
Suppose next that α = 2. Here the solution of (5) is
where b and c are constants which can be determined from any two terms of the α-chain.
Finally suppose that α φ + 2. We put
and ( 5 ) becomes
Let ξ and ^-1 be the roots of ihe constants A and B depend not only on the given α-chain but also on the particular elements chosen to be u 0 and iίj, However, iί we substitute (10) in (4) and simplify, we obtain (11) ΛB(a 2 -4) = 1 + α 2 /(α-2).
Ί bus tίie product All depends only on a and α.
6. Positive and negative terms. To determine all positive integral solutions of the system ( 1), it is necessary to find all pairs of consecutive positive elements of the α-chains. We now proceed to determine the signs of the elements of all α-chains.
If { U{ \ is an α-chain, then clearly { -U( \ is a -α-chain with the same value of α. Thus without loss of generality we suppose α > 0. The cases α = 0, 1,2 must be discussed separately, and will be treated in later sections. Throughout this section it will be assumed that α > 3. Thus we have u n ^ 0 for all n, and hence the α-chain { α; ! has neither a first nor a last element. We begin by establishing a few simple properties, valid when a > 2.
I. If { uι \ has two consecutive positive terms, then u n is positive for all n.
II. Any negative term of \ U[ \ is less than at least one of its two immediate neighbors.
Properties I and II are easy consequences of (4).
III. If α^ -2, and two consecutive terms of { U{ \ have opposite signs, then the positive one has smaller absolute value.
Proof. Since a > -2, we have
and III follows at once from (6).
IV. If α > -2, then any element of { U( \ of least absolute value is positive.
Property IV follows immediately from II and III.
It can be shown that if a > 3, the smallest possible value of α is 3 -2α. This value is actually assumed by the α-chain with u 0 = u x --1. Thus α>3-2α>2-α 2 , and (11) yields the result:
V. If α<-2, then AB < 0.
We are now in a position to discuss the nature of the α-chains, a > 3.
Suppose first that a > 3. Then u n is given by (10), and we may suppose that ξ> 1. Using I, IV, and (10), we can see that either u n is positive for all n, or { Ui} has exactly one positive term, the term of least absolute value. If α = 2, then by I, IV, and (8) Since α = -2 is possible only if a -± 2, we need now only consider α < -3.
If α < -3 we may assume that -1 < ξ< 0. By replacing, if necessary, u n by u n -x in (10), we may suppose also that A < 0. Then by V, B > 0. Hence Since all -α-chains can be obtained by reversing the signs of α-chains, similar results hold for a < -3.
7. The case α = 2. Let us suppose first that ί U( \ is a 2-chain with at least one zero element, say u Q = 0. Without loss of generality we can suppose that u 0 is the first term of ! ιi{}. Then (4) yields u ι = -1. It is easily seen that 0, -1, u 2 , ••• is a 2-chain for any integral value of u 2 , and that α = -u 2 -2. If u 2 <-4, then it follows from (8) and (10) (C) four special chains with all positive terms and a = 3, 4, 6, and 7 respectively.
We can obtain all -2-chains by reversing the signs of these 2-chains. has exactly nine integral solutions, namely x -1, y = 1, 2, 3, and 6; Λ; = 2, y = 11; Λ; = 3, y = 7; * = 5, y = 14; * = 11, y = 17; .and % = 14, y = 17.
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